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E X T R E M E  M O D E S  IN T H E  S Y S T E M  O F  D I F F E R E N T I A L  

H E A T -  AND M A S S - T R A N S F E R  E Q U A T I O N S  

A.  V.  L y k o v  UDC 536.24.02 

With r ega rd  to the desiccation p rocess  and the exper imenta l  methods of determining the 
thermophysieal  charac te r i s t i c s  of capi l la ry-porous  colloidal bodies,  the sys tem of dif-  
ferent ial  hea t -  and m a s s - t r a n s f e r  equations is analyzed for ex t reme modes. 

The sys tem of hea t -  and m a s s - t r a n s f e r  equations 

Olt 
- -  = KnV~U + Ks~V~T, (1) Ov 

OT KnV~ T ~ K~tv2u (2) 
Ox 

desc r ibes  the molecular  (diffusive) t r ans fe r  of mass (moisture) and heat through capi l la ry-porous  bodies.  
It is assumed ha the derivat ion of Eqs.  (1) and (2) that the coefficients of heat and mass t r ans fe r  (k, am,  
a T ,  a) as well as the thermophyslca l  p roper t ies  (c, r ,  P0, 5) a re  independent o f t  he coordinates .  F u r t h e r -  
more ,  the t empera tu re  of mois ture  in the capi l lar ies  is considered equal to the t empera tu re  of cap i l la ry  
walls throughout the en t i re  p roces s  of heat  and mass t r ans f e r ,  which is t rue  only in the case of diffusive 
t r ans fe r  (convective t r an s f e r ,  including f i l t rat ion,  is d i s regarded  here) .  Coefficients Kij (i, j = 1, 2) a re  
not subject  to the mutuali ty pr inciple ,  i .e . ,  Kij ~ Kji and for  l i q u i d - v a p o r  mois ture  [1] 

K n = a ~ ;  K l z = a  r--areS,  (3) 

K22-_a+arl q__L ; K ~=am t rl--~ ~ " (4) 
C C 

Equations (1) and (2) descr ibe  the t rans ien t  as well as the steady heat  and mass t r an s f e r .  In the case 
of desiccat ion ( t ransient  heat  and mois ture  t rans fe r ) ,  the second t e rm on the r ight-hand side of (2) may be 
replaced  by (er12/e)(Ou/0r) ,  because for  mois ture  sou rces  in the vapo r - l i qu id  sys tem we have 

Ou _-- div Po (a~wu +a~ivT) .  (5) I12=--: I~1 = eOo O-'x- 

The sys tem of equations (1), (2) is retained he re ,  only coefficients K22 and K2t become 

K ~ = a + a r  I rl~ = a + 8rl.2 areS, 
d c 

am 1 rl  2 rlr a m  ` K ~ o ~  ~ ~ 
~ L  

C C 

(4a) 

(4b) 

We will now consider  the ex t reme  modes.  

1) The t empera tu re  of the moist  capi l la ry-porous  body will be assumed constant throughout the p ro -  
cess  of heat  and mass t rans fe r :  aT /ST = 0. The re  a re  two possibi l i t ies  then: a) f rom Eq. (2) follows V2T 
= 0 and V2u = 0. This is a t r iv ia l  case  of equil ibrium (the t empera tu re  and the mois ture  content not only do 
not va ry  with the t ime but are  also independent of the space coordinates:  u = const and T = const), b) Since 
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T - T(xi, T) and u = u(xi, T), hence from (2) with OT/a~- = 0 follows 

V 2 U = -  K~ v~T=#0; T} = [(xi), (,~) 

i.e., the mois ture  field and the t empera tu re  field a re  s imi lar .  Inasmuch as the form of the distribution 
function f(xi) does not depend on t ime,  the local velocity 8 u / ~ "  will, in accordance  with Eq. (1), be also 
independent of t ime. 

In the special  case 

c)u 
- -  ---- const (7) 
br 

the distr ibution of t empera tu re  and mois ture  in one-dimensional  problems is descr ibed by a simple p a r a -  
bola. This is the case during the cons tant - ra te  period of the desiccation process ,  The moisture  content 
at any point is a l inear  function of t ime (Ou/0T = const),  while the mois ture  profile ac ross  the body thick- 
ness  (infinitely la rge  plate, cylinder,  sphere) is descr ibed by a parabola.  The tempera ture  at any point 
does not va ry  with t ime (0T/0T = 0). If during the cons tant - ra te  desiccation period there occurs  evapora-  
tion inside the body (e ~ 0, aml ~ 0), then, according to (6) with K2i ~ 0, the tempera ture  profile in such 
one-dimensional  problems is descr ibed  by a parabola,  c) In the special  case without evaporation of mois-  
ture inside the body during the cons tant - ra te  desiccation period (e = 0 or amt = 0) the tempera ture  is the 
same at all points of the body and, to the f i rs t  approximation,  equal to the wet-bulb t empera tu re  T M (T 
= T M = const, V2T = 0). This does not contradict  relation (6), because e = 0 and K21 = 0 but K22 ~ 0 and 
X72u ~ 0 for V2T = 0. Indeed, for ~ T / 0 T  = 0,  f rom (2) rewrit ten as 

__OT = av~T ~ erl~ Ou 
Or c Or 

follows that V2T = 0 when e = 0. 

F r o m  here Eq. (1) yields the c lass ical  equation of diffusion 

Ou 
_ _  = K1,V2U, (la) 

indicating that the mois ture  t r ans fe r  during the cons tant - ra te  period of desiccat ion is an isothermal  p ro -  
cess .  

At a constant desiccation rate  (du/d7 = const) the local ra te  Ou/~- is also constant.  It then follows 
from (la) that 

Ou 
V2U = const at - -  = const. (6a) 

0r 

This is noted during the desiccat ion of slowly drying colloidal mater ia ls  as,  for example, gelatin. 

All these modes of mois ture  and t empera tu re  distribution occur  during the cons tant - ra te  period 
of desiccation in capi l la ry-porous  colloidal bodies and, as of now, are  deduced from experimental  evi-  
dence and empir ical  laws. 

2) The mois ture  content in a body will now be assumed constant throughout the p rocess  of heat and 
mass t r ans fe r  (quasisteady state during the heating of a moist  body), i.e., 3u/3~ = 0. It then follows from 
(1) that 

0u V2U~___ 1(12 v 2 T  a t  ~ = 0.  (8)  
Kn 0~ 

If K11 =a m ~ 0 and Ki2 =aT m ~ 0, then the moisture field is similar to the temperature field. At ~u/3T = 0, 
however, the local rate 3T/~T ~ 0, in accordance with Eq. (2), i.e., the temperature profile inside the 
body does not vary with time, because the temperature at all points in the body varies with time accord- 
[ng to the same law. Such situations are encountered in experimental thermophysics as, for example, 
during the quasisteady heating of a moist body for the determination of the temperature-gradient coef- 
ficient, the thermal diffusivity, and the thermal conductivity. In this method the moist body is heated at a 
constant rate (the ambient temperature rises linearly with time). From some instant on, the temperature 
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at  any point in the body b e c o m e s  a l inear  function of t ime  and the t e m p e r a t u r e  prof i le  in one-dimensional  
cases  with s y m m e t r y  is desc r ibed  by a pa rabo la  [2]. The mo i s tu r e  prof i le  cor responding  to a parabol ic  
t e m p e r a t u r e  prof i le  is a lso  parabo l ic .  F r o m  the drops  in t e m p e r a t u r e  and mo i s tu re  content one d e t e r -  
mines  coeff icients  a and 5, whereupon,  if the h e a t - t r a n s f e r  coeff icient  is known, the t he rma l  conductivity 
can a lso  be de te rmined  [3]. I t  is en t i re ly  plausible  that  a t r iv ia l  si tuation may occur  in case  (2) with ~u 
/ 3 v  = 0, name ly  ~T/~T = 0 when V2u = 0 and V2T = 0 (steady or  equi l ibr ium state) .  

In conclusion, we will consider  Eqs. (1) and (2) becoming the equation of heat  conduction, the i r  be -  
coming the equation of diffusion having been d i scussed  ea r l i e r .  In a pe r f ec t ly  d ry  body the re  occurs  no 
m a s s  t r a n s f e r  (K a = K12 = K2t = 0 at  u = 0) and f rom (1), (2) the re  follows the equation of heat  conduction* 

0T 
:= K~_v2T ----av~T. (9) 

0~ 

The s a m e  equation will be  obtained f r o m  (1), (2) for  a mois t  body with the m a x i m u m  poss ib le  mois tu re  
content U m a  x (distension mois ture ) .  At modera te  t e m p e r a t u r e  drops  the re  will be no mois tu re  t r a n s f e r  
then (Kll = Kt2 = K21 = 0 when u = Uma x) and, consequently,  0 u / 0 y  = 0 with Eq. (9) following f r o m  (1) and 
(2). In this case  the mois t  body heats  up l ike a dry  body,  name ly  without a red is t r ibut ion  and evaporat ion 
of mois tu re  (the mo i s tu re  content at  any point in the body r ema ins  constant  and equal to Umax). The s y s -  
t e m  of equations of heat  and ms  t r a n s f e r  under a p r e s s u r e  gradient  (VP ~ 0) can be analyzed in an 
analogous manner .  The e a r l i e r  r e su l t s  r ema in  valid he re  too. It mus t  be a s sumed  he re  that  the mois tu re  
and the ma t r ix  body a re  at  the s a m e  t e m p e r a t u r e  and that  Darcy,  s law (convective diffusion) appl ies .  Other  
assumpt ion  concerning the the rmophys ica l  p r o p e r t i e s  a re  a lso  re ta ined.  

It is noted, f inally,  that  only an analysis  of the solution to s y s t e m  (1), (2) has  made it poss ib le  not 
only to thoroughly explain the m e c h a n i s m  of heat  and mass  t r a n s f e r  dur ing des icca t ion  of d ive r se  m a -  
t e r i a l s  but a lso  to develop s eve ra l  quick methods of measu r ing  the the rmophys ica l  p r o p e r t i e s  of mois t  
cap i l l a ry -po rous  m a t e r i a l s  [4]. 

u =- u(xi, T) is the 
-- ~(T) i s  t h e  

T =- T(xi,  r)  is the 
v is the 
x i is the 
a is the 
k is the 
c is the 
Po is the 
a m = a m l  +am2 is the 
a ml is the 
am2 is the 
rl2 is the 

a T is the 
5 is the 

N O T A T I O N  

mo is ture  content in a body; 
mean mo i s tu re  content; 
t e m p e r a t u r e  of a body; 
t ime;  
Ca r t e s i an  coordinates  (i = 1, 2, 3: x t - x ,  x 2 my,  x 3 _ z); 
t he rm a l  diffusivity; 
t he rm a l  conductivity; 
spec i f ic  heat  of mois t  mate r ia l ;  
densi ty  of pe r f ec t l y  d ry  mate r ia l ;  
mo i s tu re  diffusivity; 
diffusivi ty of vapor  mois ture ;  
diffusivi ty of  liquid mois ture ;  
speci f ic  hea t  of liquid evaporat ion or  of vapor  condensation (rl2 = r21); 

mois tu re  ther  modiffusivity;  
t e m p e r a t u r e - g r a d i e n t  coefficient .  
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*I t  follows f rom the equali ty u = 0 with coefficient  Kl2 = 0, accord ing  to Eq. (1), V2T = 0. 
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